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Abstract. In this paper we study the behavior of the spectrum of a 
compact, connected Riemannian manifold (M,g) of dimension d > 2, 
when we add an increasing number of increasingly small handles. No 
assumptions on any of the curvatures are needed. 

Introduction 

Let (M, g) be a compact (connected, Riemannian) manifold (with or with- 
out boundary) of dimension d > 2; let g = (gij)fj = i be its metric. We shall 
find convenient to work in the category of Lipschitz manifolds, namely 
the coefficients of the metric gij, i,j = 1... ,d, are bounded, measur- 
able functions and changes of coordinates are related by bi-lipschitzian 
cliff eomor phisms . 

We introduce the spectrum of a Lipschitz manifold (M,g) in Defini- 
tion [O]; if (M, g) happens to be a smooth manifold, then the spectrum of 
(M, g) is related with sequence of eigenvalues of the Laplace-Beltrami op- 
erator — A g of (M, g) (with "natural" boundary conditions) in an obvious 
way; cf. Definition [h^ and Remark [Qj| . 

In this paper we shall be interested in exhibiting topological perturba- 
tions of M which affect the spectrum of (M, g); more precisely we shall add 
an increasing number of increasing ly small handles to M, call (N h ,g Nh ) 
the resulting manifold, and study the spectrum of (Nh,g Nfi ) as h — > oo. 

Our main result is Theorem [l] where we prove that, provided that the 
handles have a suitable girth, the spectrum of the Laplace-Beltrami oper- 
ator of (Nf l ,g Nh ) with "natural" boundary condition (cf. Definition |l.8| ) 
converges to the spectrum of the operator induced by the quadratic form 

V^iu) := V M (u) + — d J [u{x) - u(T(x))] Vol g (dx) + 

(*) +A f u 2 Vo\ g (dx), ueH l (M )g ); 

J M 
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T : M — » M is an involution which is induced by the process of attaching 
handles to M. The convergence of the spectrum mentioned above means 
convergence of the eigenvalues and of the eigenspaces (Definition 1.4) gen- 
erated by the corresponding eigenfunctions. It should also be noted that 
the involution T induces an orthogonal decomposition of both L 2 (M,g) 
and ^(M.g) into "odd" and " even" subspaces; therefore formula (*) 
above implies that the process of attaching handles affects only the odd 
part of the spectrum; cf. the discussion after Theorem |l[ 

The proof of our main result relies on two general results, Theorem ^ 
and Theorem ^, which have a stronger analytical flavor and may have some 
interest in their own. By using a general result by G. Dal Maso, R. Gulliver 
& U. Mosco in || (cf. Proposition 2.17] below), we prove Theorem [l] in 
the framework of relaxed Lipschitz manifolds (Definition 1.18| ), the reason 
being that relaxed Lipschitz manifolds are better suited for the analysis 
via T-convergence that will be used in this paper. 

We notice that Theorem |], Theorem || and Theorem || generalize some 
results in || §§4,5]: There those authors considered Lipschitz manifolds- 
with-boundary topologically equivalent to bounded open sets of R rf , while 
our results deal with compact Lipschitz manifolds, possibly without bound- 
ary. 

Theorem |l| is proved in the case of (M,g) = (S d ,g), the d-dimensional 
sphere of radius 1, with its standard metric of constant sectional curvature. 
We have made this choice so as to approach and present the problem in 
a hopefully intuitive way. Even though the metric of the "base" manifold 
M = S d is smooth, we stress that the metric of the manifold which results 
from attaching handles to M is in general only Lipschitz; cf. Remark 2.15 
and also Remark 3^. We also stress that, adapting some arguments in || 
§§2,3], it is possible to prove Theorem p] in the full generality of Lipschitz 
manifolds (M, g). 

Theorem ^ and Theorem ^ deal with variational limits of sequences of 
perturbed Dirichlet functionals. Theorem || may be thought of as a com- 
pactness result for Lipschitz metrics, while Theorem || is a compactness 
result for non-local perturbations of their associated Dirichlet functionals. 

We point out that the convergence of manifolds treated in Theorem Q 
is quite different from the convergence of manifolds as studied, among 
others, by R.E. Greene, M. Gromov, S. Peters and H. Wu [11], 
in that we need no bounds on any of the curvatures; cf. Remark 

To obtain our result of convergence of the spectrum (Theorem |l|) we 
must consider handles of bounded thinness, according to the terminology 
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of ||; cf. Definitions 2.6, [2.1f and Remark |2.f4 . This assumption is 



necessary in that if we allow "long-thin" handles such as [-L, L] x S d ^ 1 (e) 
(isometrically imbedded in M, as e [ 0) then C. Anne Q proved that the 
spectrum of the resulting manifold "converges" to the spectrum of M plus 
the spectrum of d?/dt 2 on (-L, L) with Dirichlet boundary condition at 
t = ±L. 

With different methods (and treating the case of smooth manifolds), 
I. Chavel and E.A. Feldman considered in Q, among other issues, the 
problem of attaching one handle to M and determining the size of this 
handle in order to have negligible perturbations of the eigenvalues of M 
Theorem 5]). They, too, have to rule out long-thin handles and their 
condition involves the isoperimentric constant of the resulting manifold. 

The organization of the paper is as follows. In the first section we intro- 
duce the basic definitions and notation, define relaxed Lipschitz manifolds 
(Definition |1.18 ) and make precise what we mean by "representing a Lip- 



schitz manifold in term of a relaxed Lipschitz manifold" (Definition 1.19). 

In section || we introduce and attach handles to (S d , g) (Definition 2.11). 
Then we represent the resulting manifold by means of a relaxed Lipschitz 
manifold-with-boundary of simpler topological type (Proposition 2.17). 



Section y is devoted to the statements of our main result, the proof of 
which is carried out in Section [| and rests on Theorem Q and Theorem ^; 
because of the general nature of these two results, we state and prove them 
separately in the Appendix, § [|. 
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1. Notation & Preliminaries. 

When we define a quantity A in term of other known quantities B, we 
write A := B. 

The disjoint union of two sets A, B is denoted by A V B. 
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We consider real- valued functions; if u is a function denned on some set 
X, then u\a denotes its restriction to Ad X, u\a '■ A — ► R. 

We let 1a(0 denote the characteristic function of the set A, namely 
1a(x) = 1, if x G A, and zero otherwise. 

A measure /x on a measurable space (X, .4.) is a countably additive 
function fi : A — > [0, +oo] defined on the a-algebra „4 which vanishes on 
the empty set. Notice that we allow [i to assume the value +oo. If X 
is a topological space, then a Borel measure is a measure defined on the 
a- algebra of the Borel sets B of X. We shall only consider Borel measure 
in the following and sometimes for the sake of shortness we shall call them 
measures. 

If X is a topological space, then the closure of a set A C X is denoted 
by A; moreover A CC X means A C A C X. 

Let (X, d) be a (separable) metric space, and let B(x,rj) denote the 
open ball of center i£l and radius T] > 0. 

Definition 1.1 (77-packing) . Let rj > 0; a rj-packing in (X, d) is a collec- 
tion of points {xi}i e i in (X, <i) such that: 

(pi) B(xi,7]) n B(xj,7]) = 0, for every i / j, i, j £ I; 
(P2) U e /^(^,2r ? )=X. 

We can easily construct an repacking in every metric space (X, d) , in 
particular in a manifold. Indeed, let rj > be given, and let x\ be any 
point in X; if the ball l?(xi, 2r/) covers X, then we are done. If not, there 
exists X2 whose distance from x\ is greater than or equal to 2r/. Therefore 
B(xi,i]) CiB(x2,T]) = 0; if B{x\, 2r]) U6(i2,2i)) = X, then we are done; 
otherwise there is a point, which we call X3 whose distance from both x\ 
and X2 is greater than or equal to 2i], hence B(xi, rf)^B{x^,rj) = 0, i = 1, 2. 
Using the induction we find that there exists an (at most countable) family 
{xi}i & i which satisfies the properties (pi) and (P2) above. Also, if X is 
compact, then eventually a finite number of Xj's will cover X. 

Definition 1.2. In a metric space (X, d) let : X — > [—00, +00] be 
a functional defined on X, h G N. We say that the sequence (Fh) T- 
converges in X to a functional F : X — ► [—00, +00] if and only if 

(a) for every sequence (x/J in X, converging to x £ X we have 

F(x) < liminf F h (x h ); 
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(b) for every x G X there exists a sequence (x/J converging to x such 
that 

lim sup Ffrixh) < F(x). 

We refer to Dal Maso's monograph || for more information about V- 
convergence. 

Definition 1.3. Let (TCh)h be a sequence of Hilbert spaces; we say that 
{T~th)h is uniformly embedded in the Hilbert space H if there exists a linear, 
injective map 

I h :H h —>H, h£N 
such that the metric || • ||^ (induced by the Hilbert structure of TC) on 
Ih(Hh) is uniformly equivalent to the metric || • \\n h of Hh, he-, there 
exists a constant c , possibly depending on TC, but not on h G N, such 
that 

c o 1 \\ x - y\\n h < \\h(x) - h(y)\\n < c \\x - y\\ Hh - 

In Theorem |l] we shall need the following definition, which is a slight 
generalization of the convergence of subsets in a Hilbert space as given in 



|§ Definition 2.7.2]. 

Definition 1.4. Let (7~ih)h be a sequence of Hilbert spaces uniformly em- 
bedded in H and let Sh be a subset of 7ih, h £ N. We say that the sequence 
(Sh)h converges to a subset S of TL if the following conditions are satisfied: 

(i) for every subsequence (Sh')h' of (Sh)h an d f° r every x^' G Ih'(Sh') 
converging weakly (in TL) to some x G H, we have x G 5; 

(ii) for every x G 5 there exists a sequence (x/J^ converging strongly to 
x such that x^ G Ih(Sh), for every /i G N. 



In the following we let (M, 5) denote a Lipschitz ci-dimensional manifold 



(with or without boundary), d > 2, with 5 = (<7y)i 7=1 the metric tensor of 



M. We denote by Vol 9 ((ix) the canonical measure of g on M || Definition 
3.90]; in local coordinates x = (xi, . . . ,Xd) it can be written as 



Vol g (dx) = y/detg (x) dx, 
where dx is the Lebesgue measure on R d , so that 

Yol g (B) = / y/det g (x) (fx, 

for every Borel set i? C M; the term ^/det g (x) sometimes will be referred 
to as the local density of Vol g . 
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We occasionally will also use the notation ds\ 



Voljv/ to denote respec- 



tively the metric of M and its canonical measure. 

We point out that Definition 3.90 in |J requires the manifold to be C 
however their definition can be extended in our Lipschitz framework. 

We define L 2 (M,g) as the space of all functions on M such that 



In the framework of Lipschitz manifolds it still makes sense to consider 
the Dirichlet functional on (M,g) (0) 



for Lipschitz functions u defined on M; notice that DiU := du/dxi, i = 
1, . . . ,d, is defined VoLj-almost everywhere. 

Definition 1.5. We let i^ 1 (M, g) denote the closure of Lip(M), the fam- 
ily of Lipschitz functions on M, under the norm induced by 



For A > 0, and / G L 2 (M,g), we can introduce the functional F 
L 2 (M,g) — ► [0,+oo] defined by 



if u € H 1 (M,g) and F (u) := +oo otherwise in L 2 (M,g). This functional 
is strictly convex, coercive and lower semi-continuous in the strong topol- 
ogy of L 2 (M, g) hence, by the Direct Method in the Calculus of Variation, 
it has a unique minimum point Uf. 

Via standard arguments it is possible to prove the following result. 

Proposition 1.6. The resolvent operator R x : L 2 (M,g) — ► L 2 (M,g), 
which associates to every f G L 2 (M,g) the minimum point Uf, is a com- 
pact, positive, self-adjoint operator. 

Thus the resolvent operator has a sequence of proper values (cr°)j £ isr 
having zero as accumulation point. 
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Definition 1.7. The spectrum of (M,g) is the sequence of the proper 
values (cr°)j g N of the resolvent operator R x . 

If (M,g) is smooth, then let — A g denote its Laplace-Beltrami operator. 

Definition 1.8. We say that a is an eigenvalue of — A g if 

—A g u = cm, on M 

natural boundary condition 

where we agree that "natural boundary condition" means homogeneous 
Neumann boundary condition if dM / 0, and no boundary condition if 
dM = 0. 

Remark 1.9. Notice that if (M,g) is a smooth manifold, then a° = (A + 
Aj) _1 , where (Aj)j G N is the sequence of eigenvalues of — A g . 

Definition 1.10. In what follows we shall need the lower semi- continuous 
regularization in L 2 (M, Vol s ) of the functional T>M, g { )'- 

'V M , g (u), if «G H\M,g) 



(1.11) V M , g {u) : 



+oo, otherwise in 1? (M, g) . 



Definition 1.12. Let A be a given relatively compact open set contained 
in (M, g), and let E be a Borel set, E C A. Then the (M, ^-capacity of 
.E with respect to A is defined by 

(M, g)-c&p(E, A) := inf {D M , g {u) : « G /C(£7,A)} , 

where )C(E,A) := G Lip (A) : a > 1 on a neighborhood of i?}, and 
Lip (A) denotes the family of all Lipschitz functions whose support is 
contained in A. 



Remark 1.13. Notice that the property of having capacity zero is un- 
changed if A is replaced by a larger relatively compact open subset of 
M. Therefore we shall say that a property P(x) holds (M, g)- quasi every- 
where (q.e.), or for (M, g)- quasi every x G M, if the set 

{x G M : P(x) is not true } 

has (M, g)-capacity zero. 
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Remark 1.14. Modifying suitably some arguments in []|], it is possible to 
show that for every u G H 1 (M, g) there exists u : M — > R such that 

km i /p/ — \t / - n (y)l Vol 9( d 2/) = °> 

r|o Vol ff (5(x,r)) 7 B(a . ir) 

and u = u Vol 9 -almost everywhere on M. The function u is uniquely 
determined up to a set of (M, ^-capacity zero and is continuous when 
restricted to the complement of open sets with arbitrarily small (M, g)- 
capacity. In the following we shall identify each u G H 1 (M,g) with u, so 
that we can say that u is determined (M, g)-quasi everywhere. 



Definition 1.15. Let M (M,g) denote the class of all Borel measures \i 
on M which are absolutely continuous w.r.t. the (M, g)-capacity, i.e., 

n(E) = whenever E has (M, g)-capacity zero. 

We introduce an equivalence relation among measures in A4 a (M, g): We 
say that //, v G .A/f (M, ff) are equivalent, fj, ~ i/, if and only if 

■u 2 d// = / u 2 dv, 



' M J M 

for every u € g). By Remark 1.14 above each function u £ 



H 1 (M,g) is determined (M, g)-quasi-everywhere, hence and i^-almost 
everywhere. Thus the integrals above are well-defined, possibly equal to 
+oo. 



Definition 1.16. Let E be a given Borel set; then 

0, if B n E has (M, g)-capacity zero; 



oo E (B) :-- 



+oo, otherwise. 



TIiusoob(-) eM a (M,g). A functions G if 1 (M, 5) belongs to L 2 (M, 00 £ (da 
if and only if v = (M, g)-quasi everywhere on E. 



Remark 1.17. The canonical measure Vol 9 belongs to Ai (M, g). Indeed, 
let E be a Borel set which has capacity zero; then (M, g)-c&p(E, A) = 0, 
for some relatively compact open set A C M. Therefore, by definition, 
for every e > there is ip £ G Lip(A), with the support contained in A, 
such that Pjf(^) < £> and y> £ > 1 on a neighborhood of E. Thus the 
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characteristic function of E is less than or equal to Ufe) on A, hence 
Volg(E) < j A (ip £ (x)) 2 \o\g{dx). By the Poincare inequality 

/ (<p £ (x))\ol g (dx) < CV M (<p £ ), 
J A 

where the constant C possibly depends on A, we get 

Yo\ g (E) < V M {<p £ ) < e, 
which implies Vol g (E) = 0, by the arbitrariness of e > 0. 

Definition 1.18 ([0]). A relaxed Lipschitz manifold is by definition a 4- 
tuple (M, ds 2 M , T, /ij where (M, ds 2 M ) is a Lipschitz manifold, possibly with 
boundary; T : M — > M is an isometry, T o T = idj\,/ and the fixed-point 
set of T, Fix(T) = {a; G M : T(x) = x}, is a submanifold of (M, ds^); /x 
is a measure which belongs to M (M, g). 

We have the following general definition (cf. Definition 1.8 in ||). 

Definition 1.19. Let (M, ds 2 M ) be a manifold-with-boundary and (JV, ds^-) 
be a manifold (possibly with = 0); let VoIm, VoIat be the canonical 
measures, and X>m(0> ^n(') be the Dirichlet functionals of respectively 
M and iV. Let T : M — ► M be an isometry such that T o T = id^j, and 
the fixed-point set Fix(T) is a submanifold of M (possibly Fix(T) = 0). 
Furthermore, let v be a Borel measure on M. We say that the manifold 
(N, ds'jy) is represented by the relaxed manifold CM, ds\j,T, u) if there is 
an isometry 

/ : L 2 {N,Yol N ) — » L 2 (M, Vol M ) 
and for u € -ff 1 (iV) we have 

Ptv(^) = V M (u) + f_[u(x) - u{T{x))] 2 v{dx), 
Jm 

with u = I(v). 

Remark 1.20. Notice that T)y(v) < +oo if and only if T>x{u) < +oo and 
u{-)-u{T{-))£L 2 {X,v{dx)). 
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2. Handles 

In this section we describe an explicit procedure to attach a handle to 
S d , and denote the resulting manifold by (N,g N ); the topological type of 
N, then, will be that of S"^ 1 x S 1 . Then we show that (N,g N ) can be 
represented (in the sense of Definition 1.19| above) by a relaxed manifold 
(Mi , gi , T, ooqm 1 ) , where Mi is homeomorphic to S d wth two punctures. 

We point out that the handles we shall consider here are called "handles 
of bounded thinness" in || §3]. 

As a matter of notation let S d ~ l be the (d — l)-sphere of radius 1, and 
S ^(t) be the d — 1-sphere of radius t > 0. 
Let < s < 1; let us consider the cylinder 

H:= [-l,l]xS d -\e), 

with its usual product metric 

(2.1) ds 2 H = dy 2 + e 2 ds 2 sd - 1 (uj). 

Let us consider the map 

(2-2) • " , 

T(x) := —x 

Notice that T is an isometry, T o T = id R d+i , and the fixed-point set of 
T reduces to the singleton {0}. In the following we are only concerned 
with the restriction of this map to S d , and in order not to have too heavy 
notation we still denote this restriction by T. We notice that T (the 
perhaps familiar antipodal map on S d ) maps S d onto itself, is an isometry, 
T o T = id S d and the fixed-point set is empty. 

We shall find useful in the following to employ cylindrical coordinates 
so that if x € R d+1 , then x = (y,ruj) where y G R, uj G S d ~ l , r > 0, and 
\x\ 2 = y 2 + r 2 ; in particular, 

S d = {(y,rco)eK d+1 :y 2 + r 2 = l}, 

and the metric of S is in these coordinates 

(2.3) ds 2 d = (1 - r 2 )- l dr 2 + r 2 ds 2 sd ^(uj). 

Also, H = {(y,ruj) : y G [—1, l],r = e}. We shall also consider the map 

(2 4) T H :H^H 

(y, eu) (->• (-y, eu) 

Notice that T H is an isometry, T H oT H = id H , Fix(T h ) = {0} x S^ 1 ^). 
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Definition 2.5. Let G [1, +oo). Let J-® be the family of all pairs (e, r) 
where e G (0, 1), and r(-) is an increasing, Lipschitz continuous function, 
r : [0,1] — ► (0,1), with 

< D^ 1 < ^(i) < D, a.e. t G (0, 1), 
at 

such that 

e r(l) £) 



max < 



l r(0) ' £ , v / i T Hi)? 



< e. 



Definition 2.6 (Handle). Let (e,n) G J^e, and let </9 : H \ Fix(T#) — ► 
be the function defined by 

(2.7) </? : (y,eu) i ^ (sgn(y)\/i - (n(|y|)) 2 , sgn(y)ri(|y|)u;). 
The pair (i?, 93) is by definition a handle. 

Example 2.8. Let > 1 be given. Let e > 0, and let us consider 

n{t) := (5t + a{l-t), t€[0,l]. 

We choose a = e<5 , /3 = e^i with < S < 5i < 1; if S > 1/0, then 
(e, ri) G .Fe, hence the pair (H, tp), where tp is as in Definition ^1] above, 
is a handle. 

Let 

(2.9) [/ := ^((l.O)^!!!-^^)) V B((-l,0),sin- 1 ri(l)) ) 

(2-10) 

E := B((l, 0), sin" 1 n(0)) V B{(-\, 0), sin" 1 n(0)). 
Notice that 

^(int(ir) \ Fix(T^)) = tp({(y,eu) G H : y ^ 0}) C U, 
tp(dH) = p{{±1} x S^ie)) = dU, 
E = U\p(mt(H)\Fix(T H )) 

Definition 2.11 (Attaching the handle). To attach the handle (H,tp) to 
S we consider (S d \E) UH and identify each point z G H \Fix(Tff) with 
£ U \ E: z ~ v ? ( z )- Then the topological type of 

iV:= ((S d \E)UH)/ ~ 
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is that of S d 1 x 5' 1 (1). The Lipschitz metric of the resulting manifold N 
is by definition the metric of S d on N \ E and that of H on int (H): 



dsl d , on S d \U, 



(2.12) ds% 

ds 2 H , on int (if). 



Remark 2.13. Notice that the boundary of H, dH = {±1} x S d 1 (e), is 
thus identified with the hypersurfaces {(y, ruj) G S d : r = ri(l)}. 



Remark 2.14. It can be shown (cf. Remark 3.6 in ||) that the metric 



g N = {gfj)ij on the resulting manifold N is uniformly bounded by the 



metric {gij)i,j of S d , i.e., 

<-) 2 X>;£V < ^ @ 2 E^^'' 

for every ^ G R n . 

Moreover the complement of I? is uniformly strongly connected, i.e., 
for each u G H 1 (S d \ E,g) there is an extension of «, t) = 7ra, with 
v G H l (S d ,g), and 

hi 1 /2 



The constant is the same that appears in Definition 2.6 



Remark 2.15. Let (H,(p) be the handle with the function ri(-) as in Ex- 
ample 2£. Then comparing ( |2.3| ), ( |2.1| ), ( |2.12 ), it is not difficult to see 



that the metric on N is continuous (i.e., the manifold is C 1 ) if and 
only if B = ri(l) = e. We can also have the resulting manifold to be 
of class C k+1 provided that we modify the metric of the handle near 
S d ~ l (e) x {±1} so that the new metric is of class C k and as t — > ±1 the 

metric is ds 2 H = (l — n(i)) (dri/dt) 2 dt 2 + (ri(t)} 2 ds 2 sd _± plus terms 
which vanish at t = ±1 together with all derivatives of order less than or 
equal to k. 

If instead ri(l) ^ e, then the metric is only piecewise continuous: In 
fact, the metric has a discontinuity along the hypersurfaces {(y, rw) G S d : 
r = r\(l),y = ±\/l — r 2 } where dH is attached to S d , whereas the metric 
is smooth elsewhere on S d . Therefore, if n(l) ^ e, N is a Lipschitz, but 
not a C , manifold. 

Notice that the sectional curvature may present a distributional com- 
ponent along the hypersurfaces {(y, roj) G S d : r = n(l), y = ±\/l — r 2 . 
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Let M\ be the manifold-with-boundary S d \ E, dM\ = dE, whose metric 
9i = •:.'/;,.! is equal to 

(9ij)i,j, on S d \U, 



(2-16) ( gij , 



(gf^ij, on U\E, 



where {gij)i,j denotes the metric of S , and {g(j)i,j is the pull-back of the 
metric of H under the map ip~ l : ip(H \ Fix(Tff)) — ► H. We notice that 
the metric in ( |2.16| ) is uniformly bounded by the metric g = (gij)i,j of S d . 
We point out that the map T introduced in ( |2.2j ) maps M\ onto itself, is 
an isometry there and Fix(T) = 0. 

We have the following result (cf. Lemma 1.11 in ||). 

Proposition 2.17. The manifold (N,g N ) is represented (in the sense of 
Definition \l.lQ ) by the relaxed manifold-with-boundary (Mi,g\,T, oo^Mi) • 

In particular, for each v £ H l (N, g N ) there exists u G H l (Q,a) such that 
(2.18) 

V N (v) = V Ml (u) + /_ [u(x) - u(T(x))] 2 oo dMl (dx). 
J Mi 

Remark 2.19. Notice that the right hand side in ( |2.18| ) is finite if and only 
if 

(2.20) u(-) = u(T(-)), q.e. on dM x . 

(cf. Definition Lid .) Roughly speaking, we may say that the representa- 
tion of N has been obtained by the following "cut-and-paste" procedure: 
We cut the handle of N along Fix(T) and get the manifold-with-boundary 
Mi; notice that M\ is homeomorphic to S d with two punctures. The pres- 
ence of the handle, as far as the Dirichlet functional is concerned, is then 
represented by the non-local term 



/_ [u(x) - u(T(x))] 2 oo 9 Mi(dx) 

J Mi 



which, via ( 2.20| ), glues together the two components of dM\ = dE and 
gives back the handle. 

If the measure fi appearing in the non-local term above is finite, with 
(N, g ) represented by (M\ ,gi,T,[i), then by analogy with the case of the 
"infinite" measure, we may say that the handle is "weakly" (or "partially" ) 
attached to N. 
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3. The main results 

Let (r]h)h be a sequence of positive numbers, liw.hi+00 Vh = an d let 
(xi)i£i h be an ^-package in (S d ,g) (cf. Definition 1.1), for each h € N. 
Let also a?j := T(xi), i S 1^, where T is the antipodal map on S d . 
Let (£h)h be a sequence of positive numbers such that 

(3.1) lim i] h /e h = 0. 

hj+oo 

Let us consider := [—1, 1] x 5 a!_1 (e/ l ), whose metric is equal to ds 2 Hh = 

e\ (dy 2 + da|"-i) • 

Using cylindrical coordinates we can assume that Xi = (1,0) and Xi = 
T(xj) = (—1,0), for i £ 1^. Hence, for a given > 1, we can define maps 
(similarly as in the previous § |||) 

iff : H h n {±y > 0} — » S d 

<pt(y,e h u) = (±^l-(r Eh (±y)) 2 ,±r £h (±y)u>), 
with (cf. Example |2i 



r 6fc (t) := (<5 1 e /l 7 ?7l )t + ((5 £^)(l-t), < — < 5 G < ^ < 1, « e [0,1], 

so that (r £h ,Ehr]h) £ ^"e; if we define 

ipf h (-), on F ft n{y > 0}, 



), on H h f]{y < 0}, 



then the pair (Hh, <fi t h) is a handle, as in Definition 2.6. 

Definition 3.2. (cf. Definition 2. 11| ) We let (N} l ,g Nh ) denote the mani- 
fold obtained by attaching the handles (H^, <pi t h) , i 6 4, to S d . 

Remark 3.3. As r e . (1) = 7^ e^, then the metric g h is not continu- 
ous, but only piecewise continuous; cf. Remark 2.15 . Thus (Nh,g Nh ) is a 
Lipschitz manifold, but not a C 1 manifold. 



Definition 3.4. (cf. Definition |l.5| ) We let (<7^)j<=N denote the spectrum 
of(N h ,g N »). 



Our main result is the following. 
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Theorem 1. Let r/j := arcsinr £h (0), and assume that 

lim -A_ if d>3, 



(3.5) 



a 

2 '~ < 



lim 



^ ftT+oo log r h 



i/ d 



luzf/i < a < +oo. Let moreover [<Ji)i 6e i/ie sequence of the proper values 
of the resolvent operator : L 2 (S d ,g) — > L 2 (S d ,g) corresponding to the 
functional 



X>oo(u) := P 5 „(u) + — d / [u(x) - u(T(x))] Vb^cfcc) + 

fuVol g (dx) 



l S d 

+ A / u 2 Vo^(dx) - 2 
J5 d 



/or u G H l (S d ,g); th 



en 



lim o"j = o"j, /or eoc/i iGN. 

/if+oo 



Moreover the sequence (L 2 (Nf l , g Nh ))h is uniformly embedded in L 2 (S d ,g) 
and if r < i < s are such that a^_ ± < = a\ = < cr^ +1 , then 
the linear subspace spanned by {u%, . . . ,u^} in L 2 (Nh, g h ) converges (in 
the sense of Definition 1.4) to the eigenspace corresponding to o~i, where 
vh, . . . ,Ug are the eigenf unctions corresponding to o~\ . 



Let u be a function defined on S d ; following || §5] let us define the 
respectively odd and even part of u by 

UoddO :=i[<)-«(r(-))] 

Meven(-) := ~[u(-) + u(T (■))], 

so that u(-) = u dd(") + ^even( - )- If moreover 3 is a space of functions 
defined on S , then we denote by 3 Q dd (resp. 3 even ) the subspace of 3 
consisting of all odd (resp. even) functions on S d . 

It can be shown that both the standard metric g and canonical measure 
Vol 9 of S d are invariant under the action of the antipodal map T. Thus it 
can be proved that both L 2 (S d ,g) and H 1 (S d ,g) split into their even and 
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odd part as follows 

(3.6) L\S d ,g) = L 2 odd (S d ,g) © L 2 cvcn (S d ,g) 

(3.7) H\S d ,g) = H l odd (S d ,g) © Hi cn (S d ,g). 

(The orthogonal decomposition is with respect to the inner product of 
L 2 (S d ,g) in the former, and in H^(S ,g) in the latter.) 
Thus the limit functional 2?oo(") can be written as 

^oo(^) — ^oo,even(^even) ~i~ ^oo,odd (^odd) j 

where 

^oo.odd^odd) = ('"odd) + 

A + ^) ^ -u-o dd Vol 3 (dx) ~ 2 y d «odd/oddVol 9 (dx), 
and 

^oo,even (^even — ^S' ti (^even) 

A / ^cvcn Vol 9( rfa; ) - 2 / '"even/even Volg ((fa) 

Using (3.6), (3.7) above, we have that the Euler equation associated with 
X'oo(') can be "decoupled" into two equations, one for the odd part and 
the other for the even part of Poo( - ) as follows: 

A 3 n odd + (A + ^ ) u odd = / odd , in S d 



(3.8) 9 ° aa ' V ' 2* 

U odd eH\S d ,g) 



and 

Ag^even Au even — feveni in 5 



(3.9) 



Remark 3.10. The decoupling of the Euler equation associated with the 
limit functional £>oo( - ) into ( |3.8| ) and ( p\9| ) implies that the sequence 
(ci)ieN of proper values of the resolvent operator splits into two se- 
quences (of dd )ieN) (cr| ven )j g N: the odd and even part of the spectrum. 
Thus we see that adding an increasing number of handles affects only the 
odd part of the spectrum with the occurence of the Lenz shift phenomenon 
in (||). 
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4. Proof of the main result 
The strategy to prove our main result, Theorem |], is as follows: We intro- 



duce the relaxed manifold (Mh ,gh,T, ooQM h ) (Definition |4.3[) and prove 
that (Mh,gh,T,ooQM h ) represents (N h ,g Nh ) (Proposition £D|). Thus the 
value of the functional F^(-) introduced above is equal to the value of the 
functional V\ : L 2 (S d ,g) — > [0, +oo], introduced in Definition |4.8| . Finally 
we use Theorem ||, Theorem H and an adaptation to our framework of a 
derivation-type argument in |g] to conclude the proof of Theorem |l| 

Let rh = arcsin (0) , Rh = arcsinr £h (l) (cf. (2.9), (2.10)); define 

(4.1) E h := (J [B(x u r h )\J B(xi,r h ) 

(4.2) U h := \J [B(x h R h ) V B(xi, R h )\ . 

Definition 4.3. For h G N we let 

M h := S d \ E h , 

so that dMh = dEh, and let gh denote the metric on Mh which is defined 
as the standard metric g of S on S \ U, and the metric of the handle 

{Hh,Pi,h) on (B(xi,R h ) \ B(xi,r h )) V [B(xi,R h ) \ B(xi,r h )), i G h- 



Finally we let T be the antipodal map ( |2.2| ). 

Remark 4.4. Notice that one of the sectional curvatures of Mh is equal 
to 1/eh- In particular the sectional curvature of Mh it is unbounded, as 
h | +oo. 

Lemma 4.5. The sequence (lM h )h converges in measure Vol g to the con- 
stant function 1; moreover the sequence (gij h^-M h )h converges in measure 
Volg to gij, i,j = 1, ... ,d. 

Proof. Let (xj)j e / h be the ^-packing introduced above; let moreover (Uh)h 
be as in (4.2) above. To prove the lemma it is sufficient to show that 
VoL(C//j) tends to zero, as h | +oo, and to this aim, we first prove an 
estimate on #(Ih), and then an estimate on the volume of geodesic balls. 
By Definition [L.lj-(pi), we get that 

Vol 5 \/ B( Xi ,r] h ) J =J2^l 9 B(x i ,r ]h ) < Vol g (S d ). 
\iei h J iei h 
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Thus 

Uf(\ II (T \ < V ° lg(5d) 

[ ' ^^ j -min fc/fc Vol g (B(^,^))- 

The measure Vol g of geodesic balls B(xi,r]h)) can be computed by means 
of the following formula, which is a particular case of a Bishop-type in- 
equality: 



/ 4 ^ Vol g (^(x i ,?? fe )) = / sinfa/gfc) ^ d 1 

u d 4 \ (Vh/e h ) J 

for i £ 1^, where oj^ is the d-dimensional euclidean volume of the unit 
sphere. Notice that, as lim^j+oo 7]h/eh = (cf. [O]), the ratio at the left- 
hand side of (|4.7D tends to 1 as h f +oo. Let us estimate the volume of 

Vol g (U h ) < J2Vol g (B( Xi ,R h )). 

By means of ( f4.7[ ) and (j4.6| ) , we have 

Volg(U h ) < ( h e d h , 

where (Ch)h is a bounded sequence. Thus, passing to the limit as h f +oo, 
Vol g (Uh) tends to zero and we get the result. □ 

Definition 4.8. For h G N, let T>M h {-) be the Dirichlet functional on 
(M fc ,«fo), and / G L 2 (S d ,g); for A > 0, let K x h : L 2 (^(l), 5 ) — » [0, +oo] 
be defined by 



ft A (u) :=2?M h (n)+ /_ [-u(x) - «(T(x))] oo dMh (dx) 

JM h 

+ X [ u 2 Vo\ 9h (dx) -2 / /uVol ffh (ds) 

if u\ Mh G H l {M h ,g h )- K h (u) := +oo otherwise in L 2 (5 d (l), 5 ). 

Proposition 4.9. (%) TTie manifold (Nh,g Nh ) is represented (in the sense 
of Definition by (M h , g h , T, oo 9Mh ), h G N. 



(ii) The sequence of manifolds {{M^, gh))^ satisfies the the following 
conditions: 
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(ai) There exists A G > such that for every h E N 
(4.10) 

d d d 

o < a- 1 ^ee < E Hate? < a d ^ee, 

i,j=l i,j=l i,j=l 

for every x G Mh and every £ E R rf ; 
(a2) (Strong Connectivity Condition) There exist bounded linear exten- 
sion operators ir^ : H l (Mh, gh) — ► H {M, g) which satisfy the uni- 
form bound 

hhu\\ H l (M ,g) < Co\\u\\ H l( Mh>gh) , 

for every u G H 1 (Mh, gh), and the constant c does not depend on 

he~N. 

(as) The sequence of characteristic functions (lM h )h converges in measure 

to the constant function equal to 1 on S d . 
(a 4 ) T(M h ) = M h ; ' 

(as) the canonical measure Vol gh (dx) = y/ det ~g\ l dx is T -invariant, i.e., 

for almost every x E M^; 

the metric gh is T -invariant, i.e., 

k,£=l 

for almost every x G Mh- 



Proof. Arguing as in Proposition 2.17 we can show part (i). Applying 
|], Proposition 3.9], Definition 4.3 and Lemma 4.5 , we get (ii); more pre- 
cisely, from Proposition 3.9 in || we get (ai) and (a2); (as) follows from 
Lemma 4.5; finally, by definition, T(Mh) = Mh, both the metric gh and 
the canonical measure Vol 9h (-) are invariant under the antipodal map T, 
and moreover ooQM h {-) = °°dM h (T(-)), i.e., (a 4 ), (as), (&q) are satisfied. 
This proves the proposition. □ 



Corollary 4.11. The sequence of Hilbert spaces (L 2 (Nh, g Nh ))h is uni- 
formly embedded into L 2 (S d ,g). 
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Proof of Theorem [/]. Adapting some arguments from Proposition 5.7 in 
||, the proof of the theorem follows if we show that the T-limit (in 
L 2 (S d ,g)) of the sequence (TZ^) is equal to the functional 

PooCu) := V sd (u) + ^ ! [u(x) - u(T(x))] 2 Yo\ g (dx) 

+ A / u 2 \o\ g {dx) -2 1 fu Yo\ g (dx) 
Js d Js d 

for u £ H l (S d ,g). By a general result in T-convergence (H) this is equiv- 
alent to prove that the sequence of functional Gh : L 2 (S d , g) — ► [0, +oo] 
defined by 

G h (u) : V Mh (u) + /_ [u(x) - u(T(x))] 2 co dMh {dx) 

if u\m h £ H l (Mhgh), Gh{u) = +oo otherwise in L 2 (S d ,g), T-converges to 
the functional 

G(u) := V sd (u) + Ydj sd H x ) " <T{ X ))]\o\ g (dx), 
for u E H l (S d ,g). 

By Proposition ^9|-(ii) the sequence of manifolds (Mh,gh) satisfies the 
assumptions (ai), (a2), (as), (a^), (as), hence we can apply Theo- 

rems ^ and H] in § [5| and get that the T- limit of (Gh) is equal to 

G(u) = V sd (u) + f [u(x) - u(T(x))] 2 fi(dx), 

for some measure in M. (S d , g). What is left to prove, then, is that 
fi(dx) = a2~ d Vol g (dx); with our choice of Eh, plus the assymption ( |3.5| ) 
in Theorem [l], this can be done suitably modifying a derivation-type ar- 
gument as in . The proof of the theorem is then complete. □ 



5. Appendix 

For each h E N, let (Mh,gh), be a manifold-with-boundary, Mh = Mh U 
dMh, dMh 7^ 0, with Mh C M, where M is a manifold (with or without 
boundary); we assume that dim Mh = d = dim M. 
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Variational compactness of Lipschitz metrics. We shall consider the 
following assumptions in the rest of the paper. 

(Ax) There exists A a > such that for every /i£N 

d d d 

(5.i) o < a; 1 £ 9ij ee < J2 9i j>h ee < k E 

i,j=l i,j=l i,j=l 

for every x E M/j and every £ E TL d ; 
(A2) (Strong Connectivity Condition) There exist bounded linear exten- 
sion operators tt/j : H l (Mh, g^) — > H X (M, 5) which satisfy the uni- 
form bound 

Ik/i^llf/HM.g) < c o||«|| fT^M,^)) 

for every u € i? 1 (M/ l , 5^). 
The constant c does noi depend on /i E N. 
(A3) The sequence of characteristic functions (lM h )h converges in the 
weak* topology of L°°(M) to the function b; moreover both b and 
b- 1 belong to L°°(M). 

Remark 5.2. 1) From ( |5.1| ) in (Ai) we get the following formula relating 
the local densities 



(5.3) A- d ' 2 y^foU) < TdeT^ < A d J 2 ^dit 



9 



for every x E and h E N. In particular sets of Vol ff7i -measure zero are 
also of Vol 9 -measure zero, and conversely. 

2) Let <i(-,-)> dh(-,-) be the distances on associated with the 
metrics g (restricted to M/j), g^ respectively. Then the assumption ( |5.1| ) 
implies that, for every h E N, the metric space (M^d/J is equivalent to 
(M ft ,d). 



3) Note that from (5.1) sets of (M^, g^)-capacity zero has also (M, g)- 
capacity zero. Conversely, if Z C Mh has (M, ^-capacity zero, then it also 
has (M/,,, g/J-capacity zero. 



We are in a position to prove the following result. 
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Theorem 2. Let us assume (A\), (A2), (A3), and consider the sequence 
{V Mh )h, where V Mh is defined by 



» d 

/ dhDiuDju dVol 9h , ifu\ Mh G ^(M^gh), 



, +00, otherwise in L 2 (M, g), 

for /iSN, Then there exists a Lipschitz metric a = (o>ij)fj = i such that the 
sequence (T>M h ) T-converges in L 2 (M,g) to the weighted Dirichlet func- 
tional 



d 

/ y~] a^DjuDjuVdeta w(x)dx, ueH 1 (M, 
JM h iJ=1 



+00, otherwise in L 2 (M,a) 



es 



with w(x) := y/ det gj det a (x) for x G M, and {aij)ij=i satisfi 

d d d 

(5.4) a; 1 sijCe < £ a t] ee < <? mee-. 

i,j=l i,j=l i,j=l 

for every x G M and every £ G R rf ; the constants A a , c Q are those appear- 
ing respectively in (A\), (A2). 

Remark 5.5. 1) Notice that because of fl5.4| ) both w(-) and are 
contained in L°°(M). 

As another consequence of ( |5.4|) we have that if u G H l (M,g), then 
T^M,a,w(u) < +00; also, if w G i/ 1 (M, a), then T>m(v) < +00. 

2) Using a similar argument as in Remark U-3), we have that a set has 
(M, a)-capacity zero if and only if has (M, g)-capacity zero. In particular, 
M (M, a) coincide with M Q (M,g). 

3) Prom ( |5.4| ), and similarly as in Remark |5.2[ -1), we have that sets of 
Vol a -measure zero are also of Vol g -measure zero, and conversely. 



4) Another consequence of ( |5.3[ ) and (5^4) is that 

lim II it/, — u\\ L 2( M a \ = if and only if lim \\uh — u\\l 2 (m a) = 

For the proof of Theorem ^ we shall need the following generalization of 
Theorem 2.1 by P. Marcellini k C. Sbordone f[2|. 
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Proposition 5.6. For each relatively compact open set Q C M let us 

consider for every h G N the following functional 



F h (u,n) :-- 



M h nn 



g 1 ^ DiuDjU\/ det g^ dx,u G Lip(M), 



, +00, otherwise in L 2 (M,g). 

Then there exist a symmetric tensor (a ij )^ J=1 on M and a functional 
F(-,n) : L 2 (n,g) — > [0, +00] such that 

„ d 

F(u, fi) = / a tj DiuDjU^/detg dx, 
Jn i,j=l 

with u G LipiM), and the tensor (a*-')£j_ 1 satisfies 

d d 

0< ^a^i<A ^^i, 

ij'=l ij=l 
/or all x e M , £ £ K d and a ij G L°°(M), i,j = 1, ... ,d. 



During the proof of the Proposition |5.q we shall need the following general 
result fli], Lemma 1.9]. 

Lemma 5.7. Given any cover (Wi)t£i, / CN, 0/ a paracompact, differ- 
entiate manifold X, and any Borel measure a on X, there exists a family 
of open sets (Ut)tel such that 



(1) \Ju i = x\ 

eel 



\JdU e 

eel 

(2) U e nU k = 0, /or a// k,i€l, with k / 

(3) ftCC Wi, with t G I; 



0. 



Proof of Proposition \5. q . For each relatively compact open set in M, let 
O) be the functional which is the T-limit (in L 2 (M, g)) of the sequence 
(Fh)h- With suitable modifications in Lemmas 2.2 through 2.6 in |l^] we 
can prove that for each u G Lip(M) the set function f2 1— * F(u, f2) satisfies 
the following properties: 
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• for every relatively compact open sets Q,' <z£l <Z M 

< F(u,Q,') < F{u,Q) 

(5.8) 

,. d 

< F(u, n') + Al +d / 2 / V g'WiuDjUy/detg dx; 
Jn\cv iJ=1 

• for every disjoint relatively compact open sets Q, O' in M 

(5.9) f(u,fiUfi') = F(u,U) +F(u,n'). 

Using standard argument in Measure Theory we can extend the function 
i — ^ F(u, fi) to a Borel measure t(u, •) on M with 

r(«, •) = F(u, ■) 

on relatively compact open sets; moreover using a Radon-Nikodym argu- 
ment, similarly as in the proof ]i~2| , Lemma 2.8], we can show that t(u, •) 
is absolutely continuous w.r.t. Vol 9 (-). If in the above Lemma 5.7 we let 
(We)e£i be the given atlas of M, and a(-) = Vol ff (-) then we can apply 
Lemma 2.8 in [12] on each relatively compact open set 

nr\Ut, lei, 

and find a matrix (af)fj =1 such that: 

d d 

o < a t^ < K +d/2 VtetgYl «''^-r 

i,j=l i,j=l 

for all iG^nfi, and £ G R d , 

aj j = of , 4 j G L°°(M),i,j = l,...,d, 
so that if we define 

we get 

« d 

(5.10) F(«, nnU e )= V a\ j DiuDju^ det g dx, 

jQnU t iJ=1 

for u G Lip(M). 

As the measure r(w, •) is absolutely continuous w.r.t. Vol s (-) = cr(-), we 



a /> • — T7n ^z^z > J — l, . . . , a, 
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have from Lemma ja7^-(4) that t(u, dUe) = 0; the sets Ug, £ £ I, are 

lei 

disjoint, hence t(u, O) = t(u, Q D C/^), which implies 

lei 

(5.11) F(u,n) = ^F(ii,on[/ < ), 

as t(u, •) coincides with F(u, •) on relatively compact open sets. Therefore 
by (|5lCD and (|TL]) we get 

„ d 

F{u,Vi) = / DiuDjUy/detg dx 

lei Jnnu t i,j=i 
„ 

= / a % i DiuDjU-\fdsig dx, 
Jn i,j=i 

a\ 3 (x), x eUg 
g*(x), x£{J £eI dU e , 



where the (0,2)-tensor a = (a*- 7 )" =1 is defined by 



so that we have 



<2 d 
0< 5>^-<A £ 

i,j=l i,j=l 

for every x £ M and for every £ 6 H d , with et u = a- 7 *, a 1 - 7 G L°°(M), 
i, j = 1, . . . ,d. The proof of the proposition is thus completed. □ 

Proof of Theorem^ Let (j) '■ L 2 (M,g) — ► [0, +oo] be the r-limit (in 
L 2 (M,g)) of (a possible subsequence of) (T>M h ,g h { u ))h- We notice that, for 
each h G N, the functional (T>M h ,g h (u))h is also the lower semi-continuous 
regularization of the functional Fh(-,M) introduced in Proposition 5.6: 
this statement can be proven as in the Step 1 of the proof of Theorem 4.4. 
in ||. Hence it is not difficult to see that <f> coincides with F(-,M), the 
r-limit of (Fh(-, M))h- The previous Proposition 5.6, then, gives us the 
representation formula for eft, namely, 



<f>(u) 



d 

/ >J a lJ DiuDjUyJ det g dx 
jM i,i=l 
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with u G Lip(M), and the tensor (a lJ ")^ - =1 satisfies 

d d 
(5.12) < a^ZiZj < A J2 !/ ! t;C r 

i,j=l i,j=l 

for all x G M, and £ G R d , and 

f a« G L°°(M), 

(5.13) 

[ a ij = a>\ 

for i,j = l,... ,d. As in Step 2 of the proof of Theorem 4.4] we have 

d 

<P(u) 



/ a %3 DiuDjU^Jdsbg dx 



for all u G H x (M,g). 

We now prove that the functional is equal to +oo outside H 1 (M,g); 
more precisely, we have 



Mlm 



| 1(M , 9) < + cX /2 lklli 2( M, 9)) 



and = +oo for every u G L 2 (M,g) \ H 1 (M,g). 
First of all we notice that 

(5-14) \\<^M h , gh) <^ f >\\h { M^ 
Indeed by ( |5.1j) we have 



li 2 (M hl9h ) 



= / \v\ 2 y/detg^ dx < K d J 2 j \v\ 2 yjdetg 
JM h JM h 

< ! \v\ 2 y / d^tg' dx < A d J 2 \\v\\ 2 LHM ^. 



Let u G L (M,g) be such that < +oo. As 4> is the T-limit of (4>h)h, 
there exists by definition a sequence (uft)ft of functions converging to u in 
L 2 (M,g) with 

lim (lift) = 4>{u). 

We notice that 

hh\\H\M h ,g h ) = M u h) + IMli2 (MhiSh) , 

and by (|5.14| ) 

\Wh\\m(M h ,g h ) < 4>h{u h ) + K /2 \Wh\\ 2 L 2 {Mtg y 
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Hence, by our assumption on u and {uh)h, 

limsup \\uh\\H 1 (M h ,g h ) 

<<j)(u) + A d J 2 \\u\\l 2[M ^ <+oo. 

h'l+oo 

Using the strong connectivity condition (A2) (we recall that c Q is indepen- 
dent of h) 

II II 2 <r 2 II II 2 

(and setting Vh '■= Kh u h f° r shortness) we have 

limsup |M|^ 1(Mj9) < c 2 a U{u) + K ,2 \\ u W\2{M,g) 

ht+oo v 

Therefore, up to a subsequence, (vh)h converges to a function v G i? 1 (M, g) 
weakly in H [M, g) and, by Rellich's theorem, strongly in L 2 (M, g). Using 
again ( 5.14 ), applied this time to u — Uh and v — Vh, we have 

II" - Uh\\ll {Mh , gh ) < A o /2 |k " U h f L i {Mjg) 
\\V ~ V h\\h(M h , 9h ) < A o /2 !b " Vh\\b(M, 9 y 

Being ir^ an extension operator, we also have 

Vh = Uh (hence u = v) on M^. 
By the assumption (A3), which we recall here, 

0-M h )h converges w*-L°°(M) to b, 

b,b~ l £ L°°(M), 
and by Holder's inequality we get 
(5.15) 



ll M ~ v Wl 2 (m, 9 ) ^ W b 1 \\l°°(m) J W - v\ 2 b(x) v / detg dx. 

From this inequality we get that u = v Vol 5 -almost everywhere on M; 
indeed by ( ^15| ), (A 3 ) and Q, we have 

/ \u — v \ 2 ^detg dx < ||&~ 1 ||l°°(m) / \u — v\ 2 b{x)yfdetg dx 
Jm Jm 

< ||& _1 Hl°°(M) lim / \u — v\ 2 \/det g dx 
^T+oo J Mh 

T 00 ( A/f 1 

A d J 2 lim / \u — v\ y&etghdx 
hno°J Mh 
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Therefore u = v Vol 9 -almost everywhere on M, hence 
00) < +00 =>■ u G H l (M,g), 



and 



m(M,g) 



v\\ 2 H U M ,g) ^ U ™ inf ll«fc||fri(Af, ff ) 



/it+oo 



< c 2 U(u) + A d J 2 \\u\\ L 2 {M ^) . 



The proof of the theorem will be achieved if we prove that the tensor 
( a ^)ij=i satisfies the following ellipticity condition 



(5.16) 



Co 2 £ fFtiZj < E " ,J ^ 



Indeed if ( 5.16j ) holds true, then it follows that 



)i,j=l 



is invertible and 



its inverse a = (a-ij)fj=i is symmetric, being (a* J )f J=1 such, and ajj G 
L°°(M), i,j = 1,... , d. Thus (M, a) is a Lipschitz manifold, and from 
( fTl2l) and ( PI) we get 



Ao 1 E ^ E ^ c ' E 



for every x G M and every £ G R d . 

Now we prove ( 5.16] ) and to this aim we make use of the family (t/^gj 
of open sets as in Lemma 5/7 with X = M, (We)eei is the given atlas of 
M and a(-) = Vol ff (-). Consider, for £ £ I, the open set Ui, and let ip G 
Lip(Af). In local coordinates, and making use of the same computation 
done in Step 4 in the proof of Theorem 4.4], we then have 



(5.17) 



d 

o 2 / (E^iV^det^x 



< 



,. a 
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for every £ G R . We apply Lemma [577] with cr(-) = Vol g (-) and get, for 
every ip G Lip(M), 



c ~o 2 j M {tl s ij tej)^Vfetg dx 

„ d 



< 



for every £ G R d . Therefore, up to a redefinition on a set of Vol^-measure 
zero, we get ( 5.16[ ), Define then T>M,a,w{-) '■= </>(•)> an d the proof of the 
theorem is complete. □ 

Proposition 5.18. In addition to the assumptions (A\), (A2), (A3) let 
us suppose that 

(5.19) lM h — ► b in measure on M 

(5.20) gij,h^-M h — ► aij in measure on M, i, j = 1, . . . , d. 

Then the same conclusion of Theorem holds and the Lipschitz metric is 
equal to a = (ffly)ij, where the coefficients are given by (5.2L) above. 

Proof. It follows the lines of the proof of Proposition 4.5 in ||. □ 

Variational limits of handles. In this part we shall be concerned with 
the asymptotic behavior of sequences of functionals <fth : L 2 (M,g) — ► 
[0, +00] of the type 

(5.21) 

(f) h (u):=T>M h (u)+ _ u(x)-u(T(x)) Hh{dx), 

JM h 1 J 

if u\ M u G H x (M h ,g h ); 4> h (u) := +00 otherwise in L 2 (M,g). 

In ( 5.21| ) above, (nh)h is a sequence of measures such that Hh G A4 (Mh, g^), 
h £ N; the map T : M — > M is an isometry, T o T = \&m, and the fixed- 
point set of T, Fix(T), is a submanifold of M. 

Theorem 3. Assume that ((Mh, gh)) h satisfies (A\), (A2), (A3) above 
and is a T -invariant sequence of Lipschitz manifolds, i.e., 

(A 4 ) T(M h ) = M h ; 

— (x) j , a.e. in M h ; 
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(Ae) #(T(x)) = Y, irW»rWsf(4 «- e - M ^ 



Let us consider, for each /i£N, i/ie relaxed Dirichlet functional 4>h{u) 
defined on L 2 (M,g) by 

<Ph{u) :=T> Mh (u) + /_ -u(x) - u(T(x)) pL h {dx), 

if u £ L 2 (M,g) with u\m h G H 1 (Mj l , g^); (ph( u ) := +°° otherwise in 
L 2 (M,g). Assume that pL^ G M {Mh), and /i^(-) ~ /^(T (•)) ('in £/ie 
sense of Definition \1. lfy . 

Then there exists a T -invariant Lipschitz metric a = (a>ij)ij on M , with 
a T -invariant canonical measure Vol a , and a Borel measure \x G M. {M), 
with //(•) ~ /i(T _1 (-)) ; such that the sequence of Junctionals given by ( \5. 21\ ) 
Y -converges in L 2 (M,g) to the functional 4>(u) defined by 

(5.22) 4>(u) := V M ,aA u ) + f_\< x ) ~ U ( T ( X ))] V(^), 

Jm 1 i 

if u G H l (M,g), and <fi(u) := +oo otherwise in L 2 (M,g). The functional 
1^M,a,w{') is the weighted Dirichlet functional introduced in Theorem^. 



Remark 5.23. Using (Ai), (A2), (A3), the existence of a Lipschitz metric 
follows from Theorem [2|, where it is also proved that the sequence (J)M h {')) 
r-converges to T> M , a ,w(-)- 

The T-invariance of the canonical measure Vol a and of the metric a = 
(aij)ij are proved similarly as in || Lemma 5.1], by means of (A4), (A5), 
(A 6 )' 

What is left to prove, then, is the existence of a Borel measure \x G 
M (M), with //(■) ~ /i(r _1 (-)), such that (<j> h ) T-converges in L 2 (M,g) 
to jgl^ ). 

To this aim we need the following lemma, which is a generalization to 
this framework of a result in the euclidean setting by G. Buttazzo, G. Dal 
Maso, & U. Mosco in ||, Section 4 & Appendix]; cf. also || Lemma 5.3]. 

Lemma 5.24. Let m : H x {M,a) — > [0, +00] 6e suc/i i/iai: 

(1) If < u < v a.e. on M, then m{u) < m(v); 

(2) m(|u|) = m(u); 

(3) m(u + v) < m(u) + m(v), if min{u(x), v (x)} = for almost every 
x G M; 
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(4) m(u) = lim„^ +00 m(u n ), for every increasing sequence of positive 
functions (u^) such that 

(M,a)-cap{x G M : Uh(x) does not converge to u(x)} = 0; 

(5) m(0) = 0; m(tu) = t 2 m(u), for t G R; m(u + v) + m(u — u) = 
2 [m(u) + m(f )] . 

Then there exists a measure ^ G A4 Q (M, a) such that 



m{u) = _u 2 dfi, 

J~M 



for every u G H (M, a). 



Proof. It is a simple modification of Theorem 2.3 in [14], by means of [14, 
Theorem 2.22]. □ 

Proof of Theorem |j. By means of Lemma 5.24, the proof now runs parallel 
to the proof of Proposition 5.2 in ||], which gives the existence of a mea- 
sure \i G J\4 (M), with //(■) ~ /x(T _1 (-)), such that {<f>h) T-converges in 
L 2 (M,g) to the functional given in ( |5.22| ). The theorem is so proved. □ 
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